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Abstract

This article investigates a generalised finite element method for time-
dependent elastic wave propagation, based on plane-wave enrich-
ments of the approximation space. The enrichment in both space
and time allows good approximation of oscillatory solutions even on
coarse mesh grids and for large time steps. The proposed method
is based on a discontinuous Galerkin discretisation in time and
conforming finite elements in space. Numerical experiments study
the stability and accuracy and confirm significant reductions of
the computational effort required to achieve engineering accuracy.
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1 Introduction

Generalised finite elements based on plane-wave basis functions have been
shown since the late 1990s to significantly reduce the computational cost for
the numerical approximation of wave emission and scattering problems in
the frequency domain [1–7]. The enrichment of the approximation space by
plane waves allows good approximation of oscillatory solutions even on coarse
mesh grids whereas standard methods are limited by the need for both fine
meshes and proportionally small time steps. In recent years generalizations of
these methods to time-dependent problems have attracted interest, limited
by the small time steps required in standard time stepping schemes [8–11].
In this work we initiate the study of generalized finite element methods for
linear elastodynamics based on enrichments in both space and time. Our for-
mulation introduces travelling plane-wave enrichments into a common finite
element formulation, see e.g. [12]: We consider a time stepping scheme based
on discontinuous Galerkin approximations in time and conforming finite ele-
ments in space. The numerical experiments achieve engineering accuracy on
coarse meshes in space and with large time steps. They confirm the stability
and accuracy of the proposed scheme and its significant reductions of the
computational effort compared to standard h-version finite element schemes.

This work relates to recently proposed finite element methods for transient
problems based on approximations which are taylored to the equation. On the
one hand, these include (time-independent) enrichments of the approximation
space, which have led to computationally efficient schemes for wave propa-
gation [8–10, 13–16] and heat transfer problems [11, 17–19]. On the other
hand, Trefftz methods based on local polynomial solutions to the considered
problem [12, 20, 21] require fine meshes but reduce the computational effort
with approximation spaces in each element.

In this article we build on these advances in the frequency, respectively time
domain, which are based on space-only or time-only enrichments, and initiate
the study of space-time enriched finite element methods for elastodynamics.
Correspondingly, this new approach allows to use coarse spatial meshes and
large time steps, leading to significant reductions of the number of space-
time degrees of freedom required to attain a given error. The performance
of the proposed method is illustrated in numerical experiments. By choosing
examples closely related to those studied in previous works for time-dependent
problems, we compare the benefits of the space-time enriched scheme with
earlier works, as well as standard h-methods.



Springer Nature 2021 LATEX template

Space-time Enriched FEM for Elastodynamics 3

2 Elastic Wave Equation

Here we rewrite the initial-boundary value problem for the elastodynamic
equation

ρ∂2
t u− µ∆u− (λ+ µ)∇ (∇ · u) = F, (1)

as a first order system in a bounded domain Ω. Including the relevant initial
and boundary conditions we study the following system for the velocity v =
∂tu: 

∂σ

∂t
−Cε(v) = f1

ρ
∂v

∂t
−∇ · σ = f2,

v(·, t0) = v0, σ(·, t0) = σ0 on t = t0

v(x, t) = gD on ΓD × [t0, T ]

σ(x, t) · nx = gN on ΓN × [t0, T ]

. (2)

Here, Γ = ∂Ω denotes the boundary, which we decompose into disjoint parts
ΓD, ΓN , where Dirichlet (ΓD), respectively Neumann conditions (ΓN ) are
imposed. The boldfaced letters in Equation (2) denote the following tensors: C
is the elastic coefficient tensor; ε = 1

2

(
∇v + (∇v)T

)
is the strain tensor, σ is

the stress tensor and ρ the density, which we set to 1 in the following formula-
tion. Here F = ∂tf2+∇·f1. The auxiliary function f1 has been included to test
the proposed methods for a wider variety of analytical benchmark solutions.

3 Discontinuous Galerkin Discretisation

We discretise the first order elastic systems (2). For convenience we multiply
the first equation by the inverse A of C:

A
∂σ

∂t
− ε(v) = Af1

ρ
∂v

∂t
−∇ · σ = f2,

v(·, t0) = v0, σ(·, t0) = σ0 on t = t0

v(x, t) = gD on ΓD × [t0, T ]

σ(x, t) · nx = gN on ΓN × [t0, T ].

(3)

For simplicity of notation, in the following we fix the initial time t0 = 0. For a
fixed space-time domain K we multiply (3) by test functions Θ ∈ H(K)2×2,
respectively η ∈ H(K)2, and integrate over K to obtain,∫

K

Θ : A∂tσ −Θ : ε(v) + η · ∂tv − η · (∇ · σ) dv =

∫
K

Θ : f1 + η · f2 dv.

(4)
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We next integrate by parts inK to move the derivatives onto the test functions.
To do so, we denote n as the outward-pointing unit normal to K, nK, and by
nt, nx its temporal and spatial components. We obtain

−
∫
K

σ : (A∂tΘ− ε(η)) + v · (∂tη − divΘ) dv

+

∫
∂K

σ : AΘnt + vnt · η − (σnx) · η − (Θnx) · v dS

=

∫
K

Θ : f1 + η · f2 dv.

(5)

Following [12, 21], we choose a discretization Qh = ∪K of the space-time
cylinder Q = Ω× [0, T ] by disjoint prismatic elements K = ∆× [t1, t2], where
∪∆ is an admissible triangulation of Ω. The following notation will prove
useful:

� QQ
h - Interior elements

� Q∂Ω
h - Element edges where the time is fixed

� QΓD/N

h - Mesh boundary edges where Dirichlet (D), respectively Neumann
(N) conditions are imposed

� Qt0
h - Initial time faces (Ω× {0})

� QT
h - Final time faces (Ω× {T})

We next sum over all space-time elements K and rewrite (5). It is convenient
to introduce the temporal jump across a face ∆×{tj} by [[q]] = q+n+

t +q−n−
t .

Then we separate the integrals into their relevant boundary terms such that,

∑
K

−
∫
K

σ : (A∂tΘ− ε(η)) + v · (∂tη − divΘ) dv

+

∫
Q∂Ω

h

σ− : A[Θn+
t +Θn−

t ] + v− · [ηn+
t + ηn−

t ] ds

+

∫
QT

h

σ : AΘ+ v · η ds−
∫
Qt0

h

σ : AΘ+ v · η ds

−
∫
QΓD

h

(σnx) · η + (Θnx) · v ds

−
∫
QΓN

h

(σnx) · η + (Θnx) · v ds =
∑
K

∫
K

Θ : f1 + η · f2 dv,

(6)
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where we can then apply any boundary conditions in the formulation to get
the weak formulation of the problem for (v,σ),

∑
K

−
∫
K

σ : (A∂tΘ− ε(η)) + v · (∂tη − divΘ) dv

+

∫
Q∂Ω

h

σ− : A[Θn+
t +Θn−

t ] + v− · [ηn+
t + ηn−

t ] ds

+

∫
QT

h

σ : AΘ+ v · η ds−
∫
Qt0

h

σ : AΘ+ v · η ds

−
∫
QΓD

h

(σnx) · η ds−
∫
QΓN

h

(Θnx) · v ds

=
∑
K

∫
K

AΘ : f1 + η · f2 dv +

∫
QΓD

h

(Θnx) · gD ds +

∫
QΓN

h

gN · η ds,

(7)
for all (η,Θ) with the specified boundary data.

3.1 Discretisation

Our proposed space-time enriched methods for the elastodynamic system rely
on enriched ansatz and test spaces related to those seen in standard enriched
methods. They augment the standard polynomial approximation spaces by
plane-wave functions in space and time, motivated by Trefftz and space-
enriched methods for elastodynamic problems [12, 15]. We consider the basis
functions multiplied by global enrichment functions G(x, t, ω),

vh(x, t) =

N∑
i

T̃∑
m

∑
κ

V iκ
mΠ(t)mΛi(x)G

m
κ (x, t, ω), (8a)

η̄h(x, t) = X κ̃Π(t)mΛj(x)Ḡ
m
κ̃ (x, t, ω), (8b)

for piecewise linear polynomial shape functions in space (Λ) and piecewise
constants shape functions in time (Π). Here a tilde denotes the test function
parameters, analogous to those in the ansatz (8a). We set the enrichment
functions G(x, t, ω) as plane-wave enrichments

Gm
κ (x, t, ω) = exp(i(κ · x+ ω(t− tm))) for κ = (κx, κy) ∈ R2, ω ∈ R,

(9)

such that the vectors κ = (κx, κy) ∈ R2 lie in a lattice with

−K ≤ κx, κy ≤ K. (10)
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Equation (9) again corresponds to choosing a square of side length 2K. Note
that p-waves with their longer wavelength are better resolved than s-waves
with this choice of enrichments.

In order to allow real-valued numerical solutions, for every (κ, ω) we must
also include (−κ,−ω). In this case both Gm

κ and its complex conjugate G
m

κ =
Gm

−κ are used as enrichments, and the ansatz space in (8) contains real-valued
functions.

3.2 Reduced Enriched Basis

For the elastodynamic equations we know that waves of wave speed cp cor-
respond to compression waves with velocity v parallel to the direction of
propagation, while waves of wave speed cs correspond to velocities v perpendic-
ular to the direction of propagation. The general solution to the elastodynamic
equation is a superposition of these. We may therefore choose the relevant
velocities of the plane-wave enrichment in agreement with the direction of the
vectors V

iκ
m , respectively X κ̃ in (9).

To be specific, the following functions define exact plane-wave solutions to
the elastodynamic equations:

vp = κGm
κ (x, t, ωp) = [κ1, κ2]G(x, t, ωp), (11)

vs = κ⊥G(x, t, ωs) = [−κ2, κ1]G(x, t, ωs), (12)

where ωs/p = cs/p|κ|. The stress tensor σp/s corresponding to vp/s is calculated

from
∂σp/s

∂t
= Cε(vp/s):

σp =

(
λ|κ|2 + 2µκ2

1 2µκ1κ2

2µκ1κ2 λ|κ|2 + 2µκ2
2

)
Gm

κ (x, t, ωp),

σs =

(
−2µκ1κ2 µ(κ2

1 − κ2
2)

µ(κ2
1 − κ2

2) −2µκ1κ2

)
Gm

κ (x, t, ωs).

(13)

Note the reduction of degrees of freedom compared to independent plane-
wave enrichments for all components of v and σ leading to improved condition
numbers of the finite element equations.

3.3 Stabilised Discrete Formulation

In addition, we include a stabilisation term to ensure coercivity, following the
Galerkin Least Squares approach in [21],

∑
K

∫
K

µ̂1 (∂tσh −Cε(vh)) (∂tΘh −Cε(ηh))+µ̂2 (∂tvh −∇ · σh) (∂ηh −∇ ·Θh) dv.

(14)
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As a result the enriched discretised space-time formulation becomes,

∑
K

[
−
∫
K

σh : (A∂tΘh − ε(ηh)) + vh · (∂tηh − divΘh) dv

+

∫
K

µ̂1 (∂tσh −Cε(vh)) (∂tΘh −Cε(ηh)) + µ̂2 (∂tvh −∇ · σh) (∂ηh −∇ ·Θh) dv

]
+

∫
Q∂Ω

h

σ−
h : A[Θhn

+
t +Θhn

−
t ] + v−h · [ηhn+

t + ηhn
−
t ] ds

+

∫
QT

h

σh : AΘh + vh · ηh ds−
∫
Qt0

h

σh : AΘh + vh · ηh ds

−
∫
QΓD

h

(σhnx) · ηh ds−
∫
QΓN

h

(Θhnx) · vh ds

=
∑
K

∫
K

AΘh : f1 + ηh · f2 dv +

∫
QΓD

h

(Θhnx) · gD ds +

∫
QΓN

h

gN · ηh ds,

(15)
This leads to a time stepping scheme,

(A+M+ + S + Γ)

(
v|tm
σh|tm

)
= B −M−

(
v|tm−1

σh|tm−1

)
, m = 1, 2, 3, . . . , (16)

for t0 = 0. Here the matrices are constructed using the following terms:

� Convection matrix, A, associated to the bilinear form∑
K −

∫
K
σh : (A∂tΘh − ε(ηh)) + vh · (∂tηh − divΘh) dv,

� Mass matrices, M±
tm , corresponding to the diagonal (+) and first sub-

diagonal (−) blocks of the space-time mass matrix associated to∫
Q∂Ω

h
σ−

h : A[Θhn
+
t +Θhn

−
t ] + v−h · [ηhn+

t + ηhn
−
t ] ds,

� Stabilisation matrix, S, associated to∫
K
µ̂1 (∂tσh −Cε(vh)) (∂tΘh −Cε(ηh))+

µ̂2 (∂tvh −∇ · σh) (∂ηh −∇ ·Θh) dv,

as well as a matrix Γ resulting from the Neumann and Robin boundary
conditions. Note that with the choice of the basis (9) the matrices M±

tj are
independent of the time step tj , due to the shift t− tm in the time variable.

Note that with our choice of enrichment functions all matrices in (16) are

independent of the time step. In the following we write u =
(
vtm ,σtm

)T
,

leading to the formulation

(A+M+ + S + Γ)utm
= B −M−utm−1

, m = 1, 2, 3, . . . . (17)



Springer Nature 2021 LATEX template

8 Space-time Enriched FEM for Elastodynamics

4 Numerical Experiments

The numerical experiments solve the stabilised discrete formulation (15) with
Neumann boundary conditions imposed on Γ = ΓN .

We choose the stabilisation parameters, µ1 = µ2, such that

µ1 = µ2 = sup
(x,t)∈K

|(x, t)− (xc, tc)|/max(K)2, (18)

where the max(K)2 accounts for the two-dimensional enrichments and (xc, tc)
are the spatial and temporal centre of the element. For the numerical eval-
uation of the integrals in (15), we use the symbolic integration package in
MATLAB [22] to obtain exact analytical formulas for the entries of all matri-
ces. A standard Gauss quadrature is used for the numerical integration of the
right-hand side, see also [23, 24] for a detailed description of numerical quadra-
ture techniques for oscillatory problems.

The resulting linear system in each time step is solved using the stan-
dard backslash command in MATLAB. The study of preconditioned iterative
solvers, as for time-independent problems [25], is beyond the scope of the cur-
rent work.

In the numerical results we will often use the notation {κ} for the total
number of wave vectors κ used in a given computation. Here we note that
the total number of enrichments depends on the chosen set of wavenumbers
and frequencies. In our experiments unless specified otherwise we choose the
frequencies ω = ±cp/s|κ|, where cp/s are the two wave speeds, so that the total
number of space-time enrichments for each wave speed is given by

{κ} = 2(2K + 1)2 − 1. (19)

Computation of L2-errors

The accuracy of the obtained numerical results is quantified using absolute
or relative L2 errors in space-time, respectively in space L2 error in space
or space-time. To be specific, denote by v(x, t) the exact solution to (2) (or
a benchmark), and by vh(x, t) the approximate solution obtained from (15).
Then the corresponding space-time L2 norm ||v − vh||L2(Ω×[0,T ]) of the error
is denoted by ||v − vh||L2 . We evaluate this norm using numerical quadrature:

||v(x, t)− vh(x, t)||2L2 =
∑
K

∫
K

|v(x, t)− vh(x, t)|2dV,∫
K

|v(x, t)− vh(x, t)|2 dv ≃
∑
i,j

wjωi|v(xi, tj)− vh(xi, tj)|2.
(20)
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Here ωi denote the weights, xi the nodes of the numerical quadrature in space
[24, 26], while wj denote the weights, tj the nodes of the numerical quadrature
in time. Similarly, we compute relative errors as

||v(x, t)− vh(x, t)||L2

||v(x, t)||L2

≃
∑

K

∑
i,j ωiwj |v(xi, tj)− vh(xi, tj)|2∑

K

∑
i,j ωi|u(xi, tj)|2

. (21)

The numerical approximation of the spatial L2 norm ||v − vh||L2(Ω) of the error
at a fixed time t is analogous, involving only numerical quadrature in space:

||v(x, t)− vh(x, t)||2L2(Ω) ≃
∑
∆

∑
i

ωi|v(xi, t)− vh(xi, t)|2. (22)

4.1 P-Wave Propagation

In this example we compare the simple choice of enrichment functions from
Section 3.1 to the enrichment by p- and s-waves from Section 3.2. Consider
the domain Ω = [0, 2π]2 and the exact solution

v(x, t) = [sin2(t)(cos(κx+ ωt) + 0.57 cos(2κx− 2ωt)), 0], (23)

with corresponding stress defined by

σ =

∫ t

t0

C : εv(x, s) + f1(x, s) ds, (24)

taken from (2). The elastic coefficients are given by λ = 1 and µ = 1
3 .

We use κ = 1 with ω =
√
2, a stability constant µ1 = 10−6 and note that

the initial condition is 0 at t = 0. A result of the simple nature of the solution,
it will be sufficient to consider the error in the first component of the velocity.

We choose enrichments as in Section 3.1 and include the exact wavenumber
leading to the expectation of a high degree of accuracy with a small number
of degrees of freedom.
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Fig. 1: L2 space errors against the time step (1a) and over time (1b) at t = 0.5.

We see from Figures 1a and 1b that the enriched schemes work as we saw
in the acoustic system. Now recalling that the problem specified κ = 1 which
means we have a wavenumber of 1 and 2 then we will be able to approximate
the problem using both enrichments including these wavenumbers. As a result
we see that for when we use the enrichment K = 1 and K = 2 (33 and
97) we are satisfying part of the exact solution, thus giving us a reasonable
approximation of the result. One issue we encounter are stability issues due to
the almost linearly dependent basis functions when using 4 different temporal
frequencies for a small time step, with resulting poor approximation for K = 3
(193). These problems are further emphasised when we consider ∆t ≈ 0.5 and
97 enrichments. We observe spikes in the time interval studied here, related
to an increase in the conditioning when adding more enrichments. While the
coefficient vector is typically poorly approximated, the resulting solution (after
post-processing) often remains accurate. At special times, though, floating
point errors in the post-processing may randomly reduce the accuracy of the
solution. As we can see in Figure 1b the best performing enriched scheme is
when we have set K = 2 as we see it stays around the level of a 10−4 error
throughout the time frame for ∆t ≈ 0.5 whereas, as we would expect, the error
is larger for the larger steps on this problem but again it is consistent. However,
we see a different story for when we take the enrichment K = 1(33) over time.
We see that the smallest time step ∆t ≈ 0.1 starts off with a comparable
error to K = 2(97) but has a steady rise over the time frame from 10−4 before
levelling out at 10−2. This is an example of the enrichment approximating the
initial times well, due to the effect of the larger wavenumber being negligible
due to the prefactors associated with it. We also see from this plot that when
we increase the number of enrichments to K = 3 we often see that the solution
exhibits blow up, noting the cut-off, due to conditioning issues with respect to
the time step. As a result we see that for small times, we can approximate the
solution well before the conditioning becomes untenable unless we have a large
time step, such as ∆t = 3. To counteract the singularity issue, we discussed
in Section 3.2 that changing the basis functions will have a profound affect on
the errors associated with the problem.
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Fig. 2: L2 space errors against the time step (2a) and over time (2b - 2d) with
varying time steps at t = 0.5.
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Fig. 3: Condition numbers vs. time step for different enrichments (dashed
lines: enrichments (9), solid lines: enrichments (11) - (13)).

In Figure 2 we observe convergence in the enrichments compared to asso-
ciated time steps, as we see for 33, 97 and 193 (K = 1, 2, 3), where there is a
stable decrease in the absolute error but we still exhibit the same behaviour as
before when we push the enrichments further leading to singularities and blow
up for small time steps, although we are able to increase the total number of
enrichments with this reduction in the basis. This blow up behaviour is related
to conditioning in Figure 3, where the condition number is shown depending
on the size of the time step. We see that the condition number, and therefore
the stability of the method, improves with increasing time step. As long as
the time step is large enough and therefore the condition number sufficiently
small, however, Figures 2 show that a reduction of the time step leads to a
smaller error, because the error of the time discretization decreases. For fixed
enrichments we therefore observe an optimal intermediate regime for the time
step which balances the errors due to ill-conditioning and time discretization.
The upcoming experiments confirm these results, and an in-depth investiga-
tion of the relationship between enrichments, time step and mesh size will be
the topic of future work.

For the following experiments we only consider the enrichments defined by
p- and s-waves, with no stabilisation term in the bilinear form.

4.2 Trailing Wave Propagation

In this experiment we will be considering a wavefront solution with a trailing
edge and a cut off. To do this we define the exact solution for the velocity such
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that,

v(x, t) =

{
[cos2(κ(x− x0 − cpt)), 0] for κ(x− x0 − cpt) < π/2

0
(25)

where the corresponding solutions for the stress can be computed using the
homogenous version of (3) yielding the required traction. Here we define κ as
the wavenumber, cp as the p-wave speed and x0 as the starting crest of the
wave. We further define the solution on a square over [0, 2π]2, as before, and
let (λ, µ) = (1, 1

2 ); cp =
√
2; κ = 2, x0 = − 3π

4 and t ∈ [0, 3] to ensure the
wave travels through the domain. As a result, we expect to see that the wave
will travel from left to right with the initial times being zero in the domain
until the wavefront hits the boundary at t ≈ 1.11. Now we look to solve
this using both a standard finite element method as well as the space-time
enriched scheme developed in this chapter. To do this we define the enriched
mesh to be a uniform 4×4 triangular grid and then define the enrichments
to be in the set K ∈ 1, 2, 3, 4 with the frequencies set to ω = ± (cp, cs) |K|
for the relevant enrichments and µ1 = 0. As a result we would expect to see
that the approximations become more accurate as we increase the number
of enrichments, noting that the frequency is attained for K = 4 by a simple
rewriting of exact solution.
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(e) K = 4

Fig. 4: Cross sections over time for the point (x, y) = (0.256, 2.821) against
the exact solution (black).

Now if we consider the following cross-section plots at (x, y) =
(0.256, 2.821) over time for the h-method (Figure 4a) and an enriched scheme
(Figures 4b-4e) we see that there is clear convergence in the h-method as we
increase the number of nodes in the the system, as is reasonable expected.
Now if we consider the enriched method then we see that for ∆t < 0.5
and K = 1 (33), 2 (97), and 3 (193) we get reasonable approximations of
the solution, even for the short times. However, if we consider the converse
case - when ∆t > 0.5 - then we see that for K = 1 we have poor results,
which does not accurately reproduce the system we are solving whereas for
K = 2 (97), 3 (193), and 4 (321) we see that the solution is matched well
qualitatively over the system except for short times with larger time steps.
This is seen for the largest steps in all of the plots, for example if we con-
sider ∆t = 3 then we will struggle to approximate 0 due to the large jumps
over the domain, whereby we have not attained enough information about
the given system to truly approximate a short and stationary (in the domain)
solution. This however, changes somewhat - qualitatively - when the wave-
front hits the boundary as the enrichment is then able to capture some of the
behaviour, even if it is out of phase. Combining the above we see that as we
increase the number of enrichments with a sufficiently small time step we are
able to approximate the solution well, noting that particularly good qualita-
tive results are obtained for a range {κ} = 97, 193, 321 of enrichments, with
∆t = 9.97×10−3, 9.98×10−2, 4.29×10−1 respectively. To quantify the accu-
racy we compute the relative L2 errors in space for the first component of
velocity using the exact solution (25).
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Fig. 5: Relative L2 errors over time for a given time step and enrichment K.
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Fig. 6: 6a: Relative L2 space errors against the time step for a given number
of enrichments at t = 1.2; 6b: Relative L2 errors against the space-time degrees
of freedom at t = 1.2.

Here Figure 5 shows us that the L2 errors after the wavefront hits the
boundary (noting we have removed the errors for δt > 1). We see that at the
initial ‘impact’ the errors for the finest h method (⋆) and the highest num-
ber of enrichments produce a small error in the initial steep or miss the initial
wavefront, due to numerical errors. We see that the enriched methods tend to
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perform more consistently over the full domain without much rise in the error
over the scheme whereas the h-method has as steady rise over the time frame,
as expected with standard schemes. If we consider Figures 6a and 6b we see
both the advantages and disadvantages of the enriched method. We see a clear
advantage in terms of the error compared to the time step and the space-time
degrees of freedom. For example if we consider the enrichments for K = 4 (321)
we see that the errors decrease rapidly as the time step is decreased before lev-
elling out when the enrichments either become inefficient or blow up - in this
case we have removed the point at ∆t = 0.01 as we experienced blow-up due
to singularities, as is demonstrated for K = 3 (193). As a result we see that
the enriched schemes produce errors between 10−2 and 10−3 which are com-
parable to the standard finite element scheme but at a reduced computational
cost, noting that the standard scheme requires a time step of 10−2 to 10−3

compared to the enriched which are all larger than 10−2 with the most accu-
rate result being attained at ∆t = 10−1. This increased order of the time step
allows for faster and in this case more accurate solutions when we compare
computational costs. If we then continue to look at the degrees of freedom,
we start to see a clear difference between the two methods. We observe that
the computational costs associated with the enriched methods are substan-
tially lower than the h-method, noting that to attain an error of 10−2 we need
103 space-time degrees of freedom compared to 10−6. This stark difference is
further emphasised when we consider K = 4(321) with 143 DoF compared to
the h-method with 19× 106 DoF which both have an error 3× 10−3. We can
conclude that the enriched finite element schemes produces results of compa-
rable accuracies for substantially smaller computational costs over a variety of
enrichments chosen.

4.3 Impulse On a Rectangle

In this example we will be considering a sinusoidal impulse over a rectangular
domain, Ω = [0, 24]× [0, 6] with 6 elements and 8 nodes in space.

Fig. 7: Coarse rectangular mesh.

Here we would expect that we will need a high number of enrichments to
account for the spatial error associated with the sparsity of the elements in
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this domain. We then define the impulse to be over the domain

f1
2 = sin(k(x+ ct))

f2
2 =

sin(k(x+ ct))

4
,

(26)

where at t = 2 we will turn off the source term to give some more physical
meaning to the problem. As a result the physical interpretation of this problem
is that we expect some oscillatory impulse over the domain throughout time
which could correspond, loosely, to a defect in a trains wheel for example
with a kill time of the source after the ‘train’ has passed over the track [27].
We set the parameters for the problem such that: k = 1; c =

√
5; λ = 1;

µ = 5; t ∈ [0, 5]. We further let the stability parameter, µ1 = 0. The following
plots demonstrate both the quantitative and qualitative approximation by the
elastodynamic enrichments. We compute the spatial L2 error compared to a
benchmark solution obtained by the standard h-method with 40,000 nodes and
time step ∆t = 0.0003, as in Section 4.

(a) Benchmark solution (b) K = 5

Fig. 8: Here we compare the benchmark to the enriched method with 20,000
and 6 spatial nodes respectively.
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(f) K = 5

Fig. 9: Cross sections over time for the point (x, y) = (19.39, 0.3030) against
the exact solution (black).
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Fig. 10: Comparison of the benchmark to the enriched method with 20,000
and 6 spatial nodes respectively. 10a: Relative spatial error at t = 0.5 against
the time step; 10b: Relative spatial error at t = 0.5 against the space-time
degrees of freedom.

From Figure 9 the enriched methods perform well when we both increase
the number of enrichments as well as decreasing the time step where we observe
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a clear relationship between the time step and number of enrichments in each
figure: as long as the time step is not too large, a good approximation is
obtained for a sufficiently large number of enrichments. Here in Figure 8b we
visually cannot see any difference between the solutions at the final time, t = 5.
This allows us to conclude that the enrichments do qualitatively approximate
the standard finite element scheme with substantially fewer spatial degrees of
freedom. To further emphasise this point we now consider the cross sections
solutions over time - Figure 9. Here we see that the standard finite element
scheme converges as we would expect as the number of spatial nodes are
increased. However, with the enriched scheme we see poorer performance for
the small numbers of enrichments before seeing reasonable accuracy, at short
times for K = 2 (97) and 3 (193). As we increase the number of enrichments
more and take a relatively small time step we see that the method approximates
the benchmark (40, 000 nodes) well throughout all times. We also see that the
enrichments cater well to the cut off in the source as we see a significant reduc-
tion in the amplitude of the problem towards the end of the time period, giving
more clarity to the agreement seen in Figure 8b. In addition, Figures 10a and
10b show that as we increase the number of enrichments the error decreases
rapidly. Given the coarse mesh with only 6 elements, we observe a reduction of
the number of degrees of freedom by 2 to 3 orders of magnitude compared to
a standard h-method. We see from Figure 10b that as the space-time degrees
of freedom decrease (noting that the spatial degrees of freedom is constant for
the enriched method) there is a stark decrease in the relative error once we
have a small enough time step to solve the system, which is evident if we con-
sider ∆t > 0.5 as all the errors lie on one another. However, we should note
that as we increased the number of enrichments past 2000 (2113) we started
to see conditioning issues, so have been forced to remove the final temporal
point at ∆t = 10−2, due to blow-up, but this can be rectified by including the
stability parameters discussed in Section 3.3. Therefore, key advantages that
we can see here with the enriched scheme, compared to the H method, is that
the errors rapidly decrease, over a small change in the degrees of freedom and
that we require substantially fewer degrees of freedom - noting for 481 enrich-
ments we required approximately two orders less to achieve comparable errors
to the standard scheme. This allows us to conclude that the enriched schemes
are able to capture the elastic behaviour associated with plane-wave impulses
and the two differing wave speeds.



Springer Nature 2021 LATEX template

20 Space-time Enriched FEM for Elastodynamics

4.4 Sinusoidal Impulse

Fig. 11: Coarse L-shape mesh.

Here in this example we will be considering an L-shape domain over Ω ∈ [0, 4π]
in each direction with a minimal number of nodes for the enriched scheme.
The mesh we will be using (Figure 11) has 12 nodes and is a quasi-uniform
mesh, by design. The reason for this is to emphasise that an enriched method
can still perform well on non-uniform elements as is reasonably expected in
real world applications. Now we will pose the following source terms for the
velocity components for f2 = (f1

2 , f
2
2 ) such that,

f1
2 = sin(k(x+ ct))

f2
2 =

sin(k(x+ ct))

4

(27)

to ensure that we have both a p and s wave present in the solution. We set
k = 1

2 and c = 1 over the time frame [0, 5], impose the Neumann conditions
such that σ · n = 0 on all boundaries and let the material parameters λ = 1
and µ = 5. If we then consider this example by taking K ∈ [2, 3, 4, 5]. Using
these parameters we are able to obtain good qualitative approximations, shown
as cross-sectional solutions in Figure 12. The relative L2 errors in space are
computed by following the definition in Section 4 and are shown in Figures
13a and 13b.
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(d) K = 4

Fig. 12: Cross sections over time for the point (x, y) = (0,−3.391) against the
exact solution (black).
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Fig. 13: Relative spatial error at t = 0.5 against the time step (13a) and
space-time degrees of freedom (13b).

(a) t = 1. (b) t = 2.
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(c) t = 4. (d) t = 5.

Fig. 14: Absolute error over the L-shaped domain.

From Figure 12 the enriched methods perform well when we both increase
the number of enrichments as well as decreasing the time step. In this example
we see that the enriched methods appear to be indistinguishable compared
to the exact solution when ∆t < 1

2 and offers evidence towards some clear
convergence, where we see a clear relationship between the time step and
enrichments in each figure. Consequently, we ensure that the time step is not
too large then we can see a good approximation for a sufficient number of
enrichments. However, for the larger time steps we do see that the numerical
solution produced is rather chaotic for all of the enrichments, although we
see qualitative improvements as the number of enrichments are increased. The
reasoning behind this poor behaviour at large time steps, compared to our
other examples is likely due to the nature of the problem where we are trying to
enrich in space with plane-waves, which likely do not satisfy the solution across
every element - noting a wavefront crossing an enriched element will lead to a
truncation in the solution, which the enrichments are not designed to handle
[28]. Consequently, we are forced to decrease the time step to obtain reliable
results. To see in more detail how the enrichments fare we should consider
some errors for the given problem, based on a benchmark of approximately
40, 000 nodes in space. If we now consider Figures 13a and 13b we see that the
accuracy of the enriched method is comparable to a standard scheme at roughly
10−3 but the associated time step is at least one order larger and in most cases
having a time step two orders larger produces results at the same accuracy
level. Moreover, if we consider Figure 13b we see a much starker difference
between the two methods. Here we see that to find the error at t = 0.5 we
are able to attain the same error with two orders of magnitude less in the
space-time domain, due to the vastly reduced spatial and temporal components
we can save substantial amounts of computational effort to produce accurate
results for this impulse problem. Furthermore we see from Figure 14 that the
error is predominately centred around the re-entrant (note the bright colour)
corner during the time frame which is likely the primary cause for the poor
approximations over the domain. We also see that as time progresses that the
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spatial discretisation is leading to larger errors as we start to see the errors
propagating over the large elements in the enriched mesh, To counter these
rises in error we would likely need to provide more specific enrichments, such
as Bessel functions, around the corners to accurately deal with this scattering
problem, as has been done by [28].

5 Conclusion

In this article we initiated the study of space-time enriched finite elements
for elastodynamics. The approximation spaces are here enriched by travelling
plane waves. Discontinuous elements in time were combined with conforming,
continuous elements in space, leading to a time stepping scheme which general-
izes both standard h version finite element methods and spectral methods. The
numerical experiments confirm the rapid convergence of the method to engi-
neering accuracy and quantify the significant computational savings compared
to standard finite element methods. The obtained accuracies are comparable
to other enriched or Trefftz methods, using a reduced number of degrees of
freedom [4, 8, 9, 12]. Choosing enrichments based on travelling s and p waves
and their corresponding stresses, rather than general plane waves which do
not necessarily solve the elastodynamic problem, significantly improves the
conditioning of the linear systems and reduced numbers of degrees of freedom.

This article provides the basis to study the optimal balance of mesh size,
time step and enrichment numbers, as well as preconditioning strategies in
future work.
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